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THE KRONECKER-GAUSSIAN CURVATURE OF HYPERSPACE* 

BY 

HEINRICH MASCHKE 

§ 1. Definition of the Kronecker-Gaussia?i curvature. 

Let x', x 2 , ■ ■ •, x n+l be the coordinates of an euclidean space of n + 1 dimen- 
sions, S n+l , i. e., a space whose arc-element is determined by 

(1) c?s 2 = X(^ x ) 2 ; 

then we define any hypersurface, or, as' we shall simply say, any space, of n 
dimensions, R n , contained in S n+X , by expressing each of the coordinates x K in 
terms of n independent variables u x , u 2 , • • • , u n . 
The arc-element of M n is given by 

n 

(2) ds 2 = X a^du.du^ 

i,/c=l 

where 

^ dx* dx K 

or 

(4) «a=I>X' 

if we agree to indicate differentiation with respect to u ( by the lower index i . 
It will be sometimes convenient to write simply 

^(cc) instead of ]£(**)» 

where (a?^) stands for any quantity involving or defined by x K , e. g., 

(5) a. k ='£x.x h . 

The »-f 1 direction cosines X k of that direction in S n+l which is normal at a 
point P of R n to n independent (i. e., not contained in a space of less than n 

* Presented to the Society (Chicago) April 22, 1905, under a slightly different title. Eeceived 

for publication September 23, 1905. 
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dimensions) directions els', • • •, ds" in R n at P are found to be 



(6) 



X* = (-l) A+1 /3 



j \ ' 






ji+1 



? *^1 ? *^1 » 9 »^1 



„n + l 



where /3 denotes the reciprocal square-root of the determinant | a ik | . It follows 

at once that 

(7) Z^ 2 = l, 



(8) 



Z Xx u = 



(fc = l, 2, •••, n). 



The Gaussian sphere is defined as the surface (space of n dimensions) whose 
coordinates are X x ; its equation is (7). 

Let now d(o be an ( ra-dimensional ) infinitesimal element of R n and dfl the 
corresponding element of the Gaussian sphere ; then the quotient 



(9) 



K= 



dQ, 

da> 



is Kronecker's extension of the Gaussian curvature* — the Kronecker-Gaussian 
curvature of R n . 

To give its analytic expression, we define 

(10) 
or 

(11) 

then 

(12) 

l ~ik I 

§ 2. Proof that K is expressible in terms of a { 

We write symbolically 

(13) ' ' a. k =f i f k =Y.x i x k . 

and introduce the second covariantive derivatives, defined by 

U ik =U ik -ef ik (f<t>)(U<t>); 

Y.Xx"< = ix,, - f^c/to-x^). 





ik 


= EXcc,,, 






ik ' 


X { , • • • 


*« 


r, = /3 






rvf+l 
ik ' 


*^1 » 


n 






Kl 





then 



* Cf . Killing, Die Kichl-Euclidischen Baumformen, p. 210. 
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But ^,X(x<f>) = on account of (8), so that 

(14) E^ a .= I^- 
From (13) we deduce 

£x^ + 5> 4 as» =/./» +/,/» = 

on account of I (84).* 

Permuting in this equation i, k, I cyclically we obtain two other equations, 
and from these three equations we have 

(15) 2> ; a; H = 0. 
Solving now the n + 1 equations 

j:Xx ik = a. h , 2* 1 !B tt = 0, ■••, £i» n x«'*=0 
for the ra + 1 quantities a;** we obtain 

(16) x ih = « ih X, 

(17) aTa* - 3*3* = {a.^ - «, «J X\ 
Therefore from (7) 

(18) «> «,„ - «* «*. = S ( » <r a=* s - ^ is »* r ) • 

The sum in (18) can by (15) be transformed into 

2> 4 ( a"' — x in ) 

which by I (111) combined with 

J^x ]c (x^) = f k (f<i>) 
goes into 

<r r -r°)(f4>H,AW)- 

But since 

according to I (34) we have, using formula I (113), finally 

(19) T,(x ir x k " - afx 1 "-) =f r f" -f s f kr , 

(20) a ir a ht - a b a kr =ff*« _/*/*, 
or 

(21) a. r a ks -a. s a hr = {ikrs), 



* I quote my paper A symbolic treatment of the theory of invariants of quadratic differential quan- 
tics of n variables, these Transactions, vol. 4, pp. 441-469, October, 1903, by I, and my paper 
Differential parameters of the first order in this number of the Transactions by D. P. 



84 



H. MASCHKE: THE KRONECKER-GAUSSIAN 



[January 



where (ikrs) is the quadruple index symbol, a quantity which involves the co- 
efficients a jt , its first and second derivatives.* 
If now n is even the determinant 



(22) 



A= la., 



can directly be expressed in terms of its minors of the second degree. If n is 
odd we apply the following general theorems on determinants which can easily 
be proved 



(23) 



A, fx 



«iA> 


«>V 




^i»! 


^ 


«JA> 


<V 




^U' 


A kll . 



A 2 , 



where A ih denotes the minor of a. k in the determinant A. Since every A ih is 
again of even degree, we see that A 2 can be expressed in terms of the second 
degree minors of A. It follows then in general from (12) the well known f 
theorem that 

The Kronecker- Gaussian curvature can be expressed in terms of the coeffi- 
cients a ik , their first and second derivatives. 

I mention in passing an interesting result holding in the case where n is odd 
which follows at once by means of the preceding results from the general formula 



(24) 



<hA*- x = 



A„ 



A 



We see here that a u itself can be expressed in terms of the coefficients a ih . 
Therefore, if we call in analogy with the familiar case n = 2, r £ g a ih du i du h the 
first, and r £ g a. ik dn i du h the second fundamental differential quantic, we have the 
theorem : 

If n is odd, the coefficients of the second differential quantic are individually 
expressible in terms of those of the first differential quantic. The second dif- 
ferential quantic is determined by the first one. 



§ 3. The expression of K in terms of a ik . 
We proceed to compute the determinant of even degree 



(26) 



«1«2 •.. «2m ' 
&1&2 . . . &2m 



il*2m 



»2«.*1 



^m*2m 



*Its unsymbolic expression is given, e. g., in Bianchi's Vorlemngen iiber Differential-Geometrie, 
p. 51. 

fFor references on the (older) theory of the Kroneoker-Gaussian curvature see Killing, 
1. c, p. 263, 264. 
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(27) 



and therefore 



'ig&i ' iok 2 



\(fa)' kl , (fa)i 



A ? m f f?... f 2 ' 

k\k% „ . . k m 



(/«); 



(/ a )k 



(/«)? 



(/«)£ 



with the understanding that the w — 1 symbols a appearing in every successive 
pair (./a) 2A—1 and (y«) a are equal, otherwise distinct. 

The same determinant could have been computed by starting from any other 
permutation of the rows i with respective change of sign. Adding together all 
the expressions so obtained and dividing by (2m)! /3 2 we have, by finally chang- 
ing rows and columns, 



< 28 > 'Vi-fEJ! 



((/«);(/« )S • ■ • (/«)£) (A/i •■•/£)■ 



If now « is even, we have at once the desired result : 

1 



(29) 



K= 



n\ [(ra — 1)!] 



^(W(» 2 -(»")(/). 



The case where n is odd presents greater difficulties. In this case we have 
to compute A 2 given by formula (23). The degree of the determinant 



A* = (-!)' 



.t+\ 



«n, 



*■!, A-l ' 



1. A+l » 



' * * » <*!» 



-1,» 



*i+l, 1 1 " ' ' ' a «+l, A— 1 » a i+l, A+l > ' ' ' » a *+l, m 



' 1 a n, A-l 1 a n. 



A+21 



being even we can apply (28) and obtain, putting n = 2m + 1 and indicating 
each determinant by its diagonal term, 

J 4 ttS »(»l)m__| (/a) j, (/a) s > ..., ( /a)«_ x , (/«)■£, ...,(/a);| 

X ]./ 1 ' / 2' " ' "' /a-1> / A+l» - " •» /n| 

and similar expressions for ^1^ , .4 i(I and J.^ , 
By taking according to I (119) 
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a AA 5 a Au 

we find 

A^=(-iy+v^(/ c ); |(/o)j. • -(/a)U(/a);:i- • -I -OKIOHi- • -(MU*«)£I- 



xZ(-r 



A, n 






I,/ 1./ 2 J\-\J A+l 



I «#• ■■#-,*!#• 



In this sum all the terms in which ~k = fjt, vanish ; we can, therefore, perform the 
summation first with respect to X, then with respect to /t and divide the result 
by 2. 

But since 

" ^ ... 1 

Z^(~ 1) X+ /a | /l/ 2 ' " './a-i/a+1 - • •/"„! = L/liA ' ' './"nl = «(/) 
A=l ^ 

and a similar reduction takes place for the other forms, the sum reduces simply to 

The expression thus obtained for A 2 holds for all values of i and k . Taking the 
sum of all these and dividing by n 2 we have 



(30) 



/3 4 A 2 = K 2 = 



n+2 



((/<0WW 3 -- •(/«)") ((WWW ■•■(#)") 



Here again the w — 1 symbols a in two consecutive terms (fa) 2 *" and (jfa) 2A+1 
are equal, likewise the symbols 6 in (<f>b) 2K and (<f>b) 2K+l . 

To obtain a further reduction of the above expression we apply D. P. (1) to 
the product (f'f) (<£'</>)• 

We have 

But all the terms of this sum become equal if we multiply by ((fc)'(fa) 2 ■ • • (fa) n \ • 
For instance in 

(f 3 <f>) if'fPf • • •/") {{fo)' {faY {f a f ■ ■ -/(a)") 

we can permute f 2 withy 3 and also {fa) 2 with (fa) 3 because the corresponding 
symbols a are equal. 
In 

(/^)(/7 2 / 3 ^'/ 5 • • •/")((/c)'(/«) 2 (/«) 3 • • • (/*)") 
we permute f 2 with/" 4 , also f s with f s and the symbols a in (fa) 2 , (fa)* with 
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those iii (fa) 4 , (Jaf, i. e., (fa) 2 with (faf and (faf with (faf. In both 
cases the two expressions become equal to 

(f 2 <t>)(f'4>'f 3 ■ ■ ■/*)( W WW ■ ■ ■ (fay) . 
Thus we have the final result 

R2 = „r( w -i)iTH-' (WW W • • • (/«)") ((*0 W (4>if ■ ■ ■ (*«)•) 

(ox) ^-\ /J 

V x (f'<t>'f)(f 2 <t> 2 <t>). 



§4. Jfte Kronecker- Gaussian curvature as invariant of a general 
differential quantic. 

The ^n(n + 1 ) quantities a i7i considered as functions of u l , ■ ■ ■, u n are not 
independent if n > 2 . On account of (4) there must indeed exist \n(n — 1 ) — 1 
relations between them. 

Let us, however, consider a differential quantic 

n 

(32) ds 2 = y] a ik du { du k 

i,/c=l 

where the a ik are unrestricted. If now we form the quantities K (30) or K 2 
(31) according as n is even or odd, then these expressions are, as is obvious 
immediately from their structure, differential invariants of (32). 

This invariant K might properly he called the Kroneckerinvariant of the 
differential quantic (32). If the arc-element ds defined by (32) belongs to a 
space R n contained in an euclidean space ofn + 1 dimensions, then K. becomes 
the Kronecker- Gaussian curvature, and if n = 2 the Gaussian curvature. 

The expressions (30) and (31), especially (31), can be modified in several 
ways. I mention only that for n = 3 the invariant K 2 is identical (leaving a 
numerical factor aside) with the invariant K % given in I (139). 

§ 5. The Kroneckerinvariant K of a space of X dimensions i? A represented as 
a differential parameter of a space of higher dimensions R n containing R K . 

As in D. P. § 3 we define in a general space R n of n dimensions whose arc- 
element is determined by 

(33) ds>=±a„dx r dx, 

r, 8=1 

a surface (space) i? A of X dimensions by the n — X equations 

(34) V" = const., -.., U"- K = const. 
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We shall first determine the arc-element ds of JR k in terms of X independent 
variables u, , ■ ■ ■ , u and then form the Kroneekerin variant K of ds 2 . 

For that pur.pose we adjoin, as in D. P. § 3, X arbitrary functions V, • • •, V x 
with the restriction that the functional determinant 

(35) A = |F\ •••, V\ U\ ■■■,U' , -*\ + 0. 

According to D. P. (14) the general arc-element ds in _Z? A is then determined 

(36) dx x = £ p"A>>\ • • • , dx n = £ P h A'", 

where A kr denotes the minor of the element V' r in A, and where p', ■ ■ • , p x are 
X arbitrary parameters. 

On the other hand, the space R x defined by (34) can also be defined by ex- 
pressing its coordinates x in terms of X independent variables u x , • • ■ , w n . If 
we do this, we have for the differentials dx the expressions 

*■ dx 

(37) dx r =Y.Q u r ^ h (r = l, 2, •••,*). 

To make the expressions (36) and (37) equal we write first p k du k instead of 
p k in (36) so that 

(38) dx r =J2p"A* r du,, 



and we have now to set up the integrability-conditions of (38), i. e., the equations 

^ ' du, ' du. 

k i 

following from 

(40) S l f = P kAkr - 

h 

If we denote differentiation with respect to x k by the lower index k we find, 
M being any function of x, 

DM " ltr dx 

= i =2lM 3—", 

du k tl " du h ' 
and by (40) 

d M n 

(41) ^ = ^gif^, 

so that (39) becomes 

(42) p« £ (^*). -4'"" = /** X (P'^* r ). ^ 

8 S 

which reduces to 
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(43) p?f ]r ( A i' A " s - A T A ' s ) = p <Akr z pi A ' s - p" Air z pi A '"- 

a 

This equation holds for i , h = 1 , • • • , X and r = 1 , • • • , n . 

Keeping now i and k fixed we have n equations before us. Instead of using 
this system of n equations, say 

(44) P 1 = 0, -.., P =0, 

we can use the equivalent system of n equations 

n 

(45«) Z^ P .- = (a=i,. ■•,.-*;, 

r-\ 

n 

1—1 

which follows from (44) and from which conversely (44) follows on account of 
(35). 

Considering the signification of the quantities A kr , we reduce equation (45a) to 

]T U^A'/A*— A k ;A is ) = 0. 

r, s 

But this equation is identically true on account of the relations which arise from 
differentiating the two equations 

Z U« A ir = and £ U« A kr = 

with respect to x s . Thus equations (45a) are satisfied without any further con- 
dition. Applying similar reductions to the equations (456) we obtain 

£(/a +/ /a)^ = o, 

i. e., 

and this gives us by (41) 

f-0 
du i 

for every value of i different from h. We have therefore 

A ' 

and by introduction of 

F( u k ) diij, = du' k 

and writing again u instead of u which amounts to p 1 ' = 1/A we can state our 
result as follows : 
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If a space i? x is given by the equations U' = const, • ■ •, C"~ A = const., 
then by adjoining X arbitrary functions V[ • • • V K which have only to satisfy 
the condition that the functional determinant 

A -| 7" ■■■V k U' ■■■U"- K \ + 0, 

the differentials dx of R K can be written 

(46) dx r = 7 rJ^A'"-du b (r= l ,■•■,») 

where A lcr denotes the minor of the element V kr in A . 

To find the expression for ds 2 in terms of « t • • • u n we apply the symbolic 
method, introducing symbols for the differential quantic (33) by putting 

a =ff. 
We have then 

(47) d*=(i,/ r d*r)*- 

To form this expression we deduce from (46), understanding by p 1 ,p 2 , ■ --p n i 
any n quantities 

n i \ n 

T,Pr dX r = A I T,Pr Akrdu u' 



or, performing the summation with respect to r on the right side 

/3A 4=1 



M 1 A 



Hence 

^ = ^ 4 Z ( ^' • • • F- l /F i + I ■ • • F* «7) 

( 48 ) ' '' " ! ( F' • • • F*" 1 / F* +1 ■ • ■ F A C) <7«. du k . 

Let us introduce also for ds 2 as given in terms of u { - ■ • u x symbols by writing 

(49) ds^=(±F i du^', 
then we have 

(50) i^ = J_ (F '... F .-i /F m... F ^). 

We now proceed to compute the Kronecker invariant K of the differential 
quantic (48) assuming X to be an even number. 
In this case we have from (29) 

(51) \![(X-1)I]**- J ST= G={{FA)'{FAf.-.{FAf){F' ■ ■•F*), 
where the invariantive brackets ( ) are to be formed with respect to ds\ As 



1906] CURVATURE OF HYPERSPAOE 91 

to notation we shall in all doubtful cases use the index u when reference to ds 2 

U 

is required. 

We have from (41) 

d M 1 n 1 

and by D. P. (3) 



\M' ..-M x \ =i-AM' ■■■M K U' ■■■ U n ~ K \-\ V ■■■ V K U' ■■■ U n ~ k \ K -\ 



hence 



\M'---M K \ =\\M' ...M X U'-- U— k \ 



and 

(53) ±-{M\=±(M'...M-U). 

To compute j3 u we apply D. P. (8) to (50) and obtain 

\y),=j K {f'--ru) 

which leads by squaring and considering that (F)l = X! on account of I (17) 
to the required value of /3 , 

X 1 A 2 

or, denoting the denominator which is differential parameter of ds^ , by A A U, 

(54) (f...f*uy = ^u, 



(55) /S.-^A-^L. 

Thus we find 



(^\=^ U {M'---M^U) 



(56) 
and 

(57) {F\=^ v {f---ru), 

so that we have 

{{FA)' (FA)*..- {FAf) =<*{<*{ fall)', ■■■,<o{faUy, u), 
where 



w= \a^t 

By means of D. P. (4) the right side of the above expression becomes 
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^[(faU)',...,(faU)\U] 

("58) a 

+ <o K H{faUy({faU').--(faUf-\co,(faUT^---{faUy, U). 

To form G we have to multiply this by 

I wish to show that after this multiplication has been performed each term of 
the sum £*=t = T Y + T 2 + ■ ■ ■ vanishes. 

For that purpose it is sufficient to consider the first term T x which may be 
written more fully 

T x = (/'a 2 • ■ • aHT){/T ■ ■ ;f x U) (», (/ 2 « 2 ■ • ■ <*U), ■■■), 
or, denoting briefly the terms /", XI' ■ • ■ U n ~ x by V, 
(59) T x = (a 2 ■ ■ ■ a\ V){f ■ • ./\ V)( «, (/W • • • a*Z7), • • •) . 
By means of D. P. (1) we develop 

(a 2 ■ • • a* V)(f 2 ■ ■ -f k V) = (a 2 / 3 • • •/* V) (/ 2 a 3 a 4 • • • a k V) 

V (a 3 / 3 • • ■fV){a 2 f 2 a i ■ ■ . a k V) 



But all the terms of this sum become equal after multiplication with 
( a), {f 2 a 2 • • • a K U), ■ • ■ ) as one sees by permuting, e. g., in the second term 
the two equivalent symbols a 2 and a 3 . We have then 

r i = X(/ 2 a 3 ...^F)(a 2 / 3 ..,rF)(»,(/ 2 a 2 ...«^),...). 

On the other hand by permuting the equivalent symbols f 2 and a 2 in (59) we 
have 

T x = - (f 2 a 3 ... a 'V)(a 2 f 3 ■■■/'¥) (co, {fa 2 ■ ■ ■ a x U), •••), 

whence T x = . It follows in the same way, that also T 2 = , • • • . This 
leads to 

G = co^((faU)',.-.,{faUy,U)(f'...fU) 

and to the final result 

( 6 °) K =i^f^i{Lf»u)\---,{fauy, u)(f,...,fu), 

where 

(/', ■■ -,fU) = {f ',■■■, fU', ..., tr-*), 
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A"U= (/', ...,/\ U)\ (faU)' = (/', a 2 ', • •-, a*', Z7), etc 

Two sets of symbols a 2 • • • a* are equal in any two successive brackets (fa U) 2k+i , 
{faU) 2h , otherwise distinct. All the symbols are symbols of the differential 
quantic 

n 

ds 2 = ^P a ik dx.dx k . 

The principles which lead to this expression of K for even values of X will 
doubtless also be sufficient to solve the more complicated problem for the case 
of odd values of n. 

Finally I wish to make an interesting application to the case X = 2 . Formula 
(60) gives immediately : 

m\ 2((/^) ,(<h^), U )(f*U) 

K ' (ffuy-if'Tuy 

Let us first assume also n = 2 . Then the £7's disappear and since 

cr<n 2 =(/"<n 2 = 2 

we obtain the ordinary Gaussian curvature 

(62) ^-K(^-)(W]W- 2(jFg 1 _^ - ) (2^-ff-gg)+---. 
Take now n = 3 and let i? 3 be the ordinary euclidean space, i. e., a u = 1 , 
tion C= const, in the form 



a ik = , if i =)= & . Then we have only one function U, and if we write the equa- 



F(x, y, z) = 0, 
an easy computation transforms the expression (61) into the familiar form 



(63) K= 



KdFV (dF\ 2 (dF\ 2 f 



d 2 F 


d 2 F 


d 2 F 


dx 2 ' 


dxdy'' 


dxdz" 1 


d 2 F 


d 2 F 


d 2 F 


dydx" 1 


% 2 ' 


dydz' 


d 2 F 


d 2 F 


d 2 F 


dzdx ' 


dWy' 


dz 2 ' 


dF 


dF 


dF 


dx ' 


dy> 


dz ' 



dF 

dx 

dF 

dy 

dF 

~dz 





so that one and the same formula (61) involves the two apparently so heter- 
ogenous expressions (62) and (63) of the Gaussian curvature. 

The University of Chicago, 
September, 1905. 



